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ABSTRACT

This document provides a detailed derivation of the kinematic con-
dition and the lubrication model, i.e., Equation (10) in the main

paper.
1 THE KINEMATIC CONDITION

In this section we derive the kinematic condition in spherical co-
ordinates (Equation (7)), all the quantities preserve their physical
dimensions. Let F(6,$,r,t) = 0 be an implicit definition of the
outer bubble surface, where 7 is the half thickness of the film. Then,
the height field at the outer side of the bubble can be written as
r=R+n(6, ¢, t) and the free surface is given by

F(0,¢,r,t)=n(0,¢,t) —r+R=0. (48)
Taking the material derivative of F we have
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The derivation for the inner side with r = R — (6, ¢, t) is similar,
yielding
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2 ASYMPTOTIC EXPANSION

In this section, we derive Equation (10), with neglect of the force
term f.

The Cauchy stress tensor o in Equation (1) is defined in terms of
local fluid pressure and viscosity as ¢ = —pI + u[Vu + (Vu)T]; in
spherical coordinates it has components
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The stress boundary conditions at both surfaces are
oMo = (2% 0¥ — Pio)Nio + Vsy, (53)

where p; , represent air pressure at the inner and the outer surface,
and 2%;, = —V - n;, is twice the mean surface curvature, and the
outward unit normal vectors to both film surfaces are
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where as the (not normalized) tangent vectors are
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With the variables in Equations (1), (5) and (52) non-dimensionalized
by
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and dropping the primes of the non-dimensionalized quantities for
readability, we arrive at
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Additionally, we introduce the following dimensionless numbers
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where S is a measure of the equilibrium surface tension, Re is the
Reynolds number and M is the Marangoni number. The surface

tension is now given by

y=uU (e‘ls - MReT ), (61)
and the expression for 2% is
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whereas that for 2% is similar and not to be explicitly listed.

We perform an asymptotic analysis by expanding the variables
in € series; that is, we expand oy, 0, orr as

f _ e_lf(_l) +f(0) i éf(l) + 0(62)’ (63)

and u, T, p, 1 as well as the other components of the stress tensor as
g= g(o) + eg(l) + O(ez), (64)

Substituting the above expansions into Equation (59), grouping
terms with equal powers of € and setting the coefficients to zero,
we obtain a series of solvable linear equations.

2.1 Leading-order Equations

The leading-order problem consists of the continuity equation
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For the boundary conditions, we have the kinematic condition (see
Section 1) at the outer boundary
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Combining Equations (52), (66), (69) and (70), we discover that
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Thus, uéo) and u;O) are independent of r and are only functions of

0, ¢ and t. As a result, we may integrate the continuity equation (65)
in r and obtain
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combining with the kinematic conditions (67) and (68) yields
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The leading-order equation for the surfactant concentration is
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From the leading-order problem, we obtain two evolution equa-
tions (75) and (76) for the film thickness q(o) and the surfactant
concentration (9.

2.2 Remaining Orders

From the momentum equations and the stress boundary conditions
we similarly obtain
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Now the leading-order momentum equations in Equation (59) can
be rewritten as
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and a(lr). To obtain them,

we write the two tangential stress condltlons in O(e) at the outer
boundary as

The only unknowns remaining are o,
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All the zero-order terms in Equation (81) do not vary with r. Inte-
grating Equation (81) in r and applying Equations (82) and (83), then
combining with Equations (52) and (65), we obtain the evolution
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and o 5p € given by Equation (79), and
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The full evolution equations are thus Equations (75), (76) and (84).
If we denote terms in Equation (84) associated with Re™! as V, and
drop the superscript (0 the governing equations can be simplified
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with u = (ug, u¢)T. This corresponds to Equation (10).
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